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Sign prediction is a significant research content in signed social networks, so it has
attracted increasing attention from the field of online social networks recently.
Traditionally, the basic idea of motif-based predictive method is to calculate the motif
number on the predicted edge (i.e., the single edge-dependent motif based method), and
then use a machine learning predictor for sign prediction. Although this intuition-based
method can achieve great performance for sign prediction, up to now its reasonability
has not been proved theoretically. Furthermore, the method of counting the number of
edge-dependent motif can not distinguish the distinct role of each node on the neighbor-
hood of the predicted edge. In this study, firstly we propose a Single Motif Naive Bayes
(SMNB) model for sign prediction, which can not only explain why the single edge-
dependent motif based method is efficient, but also quantify the role of each neighbor node
(for 3-node predictors) or neighbor edge (for 4-node predictors) which is connected by the
predicted edge for the task of sign prediction. Then, we extend SMNB by merging two types
of motifs, and propose a Two Motif Naive Bayes (TMNB) model. Experimental results on
real-world networks indicate that the proposed algorithms outperform the state-of-the-
art approaches. Finally, we explore the intrinsic relationship among different motifs
according to the matrix of Maximal Information Coefficient (MIC). Our research not only
extends the traditional motif theory by proving the rationality of the edge-dependent motif
based method and distinguishing a node (or an edge) contribution for sign prediction, but
also is helpful to further understand the evolution mechanism of signed social networks
based on the correlation among different motifs.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Signed social networks are a special type of complex networks with both positive and negative edges [1]. The positive
edges represent positive relationships such as “friends” and “trust”, and are represented by the positive sign “+”. The neg-
ative edges represent negative relationships such as “enemies” and “distrust”, and are represented by the negative sign “—".
Sign prediction is a very fundamental and significant issue in signed social networks [2], which has a wide range of appli-
cations in various domains [3], such as recommendation systems, candidate elections, collaborative systems, etc. Therefore,
in recent years, a large number of researchers have begun to investigate the sign inference problem in online social networks

[3.4].
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Traditionally, the methods of sign prediction are mainly based on matrix operations [5,6]. That is to say, researchers
regard a signed network as a special matrix, and then predict the sign of an edge by trust propagation, matrix factorization
and matrix completion. For example, Guha et al. incorporated the distrust relationship into a propagation model for sign pre-
diction [5]. Kunegis et al. proposed to apply spectral graph algorithms to signed networks for sign prediction [6]. With the
rapid development of machine learning technology, a large number of supervised learning algorithms for sign prediction
have been proposed [2,7,8], which can obtain higher performance than the algorithms based on matrix operations [9].
Among all the supervised methods, researchers mostly use network structures (including local and global structures) to pre-
dict link signs, and the local structures are the most commonly used because of their lower computational complexity [10].

As the basic structural and functional module of a real-world network [11], motif (i.e., subgraph) has been utilized in the
task of link and sign prediction [12,13]. Liu et al. proposed the edge-dependent motif based method for link prediction in
unsigned directed networks [14], and they explained it by a local naive Bayes model. The results show that the role function
of naive Bayes models can improve the prediction performance in real-life networks. Then, we extended this method to
signed networks, and proposed a Signed Local Naive Bayes (SLNB) model for link prediction [15]. The results show that
the Bayes role function has no effect on link prediction, but the proposed edge-dependent motifs can greatly improve the
prediction performance. It should be noted that the two works are both about link prediction, but we focus on anther prob-
lem of sign prediction in this study. Furthermore, we focus on the roles of 3-node and 4-node motifs in undirected signed
networks, rather than 3-node motif in directed signed networks [15].

The idea of the single edge-dependent motif in sign prediction is to calculate the motif number on the predicted edge (i.e.,
an edge whose sign needs to be predicted), then use a machine learning framework to predict the edge sign. One shortcom-
ing of this approach is that there is no theoretical support and explanation for this intuitive method. In addition, it assumes
that the nodes that form a certain motif with the predicted edge have the same contribution for sign prediction. That is to
say, when inferring the sign of a predicted edge, the role of each neighbor node is considered equal. However, this assump-
tion is not always accurate and effective in a real-world network. Recently, Zhang et al. [16] and Wu et al. [17] attempted to
use local naive Bayes models to distinguish the role of each node, but they only used the motifs of 3-node and did not take
the advantage of high-order motifs. Moreover, these algorithms do not sufficiently fuse the information induced from mul-
tiple motifs, and the intrinsic relationship between different motifs has not been uncovered yet.

To address the aforementioned problems, in this study we firstly propose a Single Motif Naive Bayes (SMNB) model,
which can explain the prediction mechanism of the single edge-dependent motif based method and quantify the role of each
neighbor node (for 3-node predictors) or neighbor edge (for 4-node predictors) in the task of sign prediction. Then, we
extend SMNB by merging the information of two kinds of motifs, and propose a Two Motif Naive Bayes (TMNB) model.
Experimental results on real-world networks validated the effectiveness and superiority of the proposed methods comparing
with the existing algorithms. Finally, the intrinsic relationship between different motifs is detected according to the matrix
of the Maximal Information Coefficient (MIC) [18].

The paper is organized as follows. The empirical network data for sign prediction are introduced in Section 2. In Section 3,
we introduce the problem definition and evaluation indicator of sign prediction. The Single Motif Naive Bayes (SMNB) model
is proposed in Section 4. After that, we extend this model by merging any two kinds of motifs, and propose the Two Motif
Naive Bayes (TMNB) model in Section 5. Finally, we conclude this paper in Section 6.

2. Data description

In this study, we test the performance of proposed algorithms on four online social networks: Bitcoinalpha, Bitcoinotc,
Wiki-RfA and Slashdot.

Bitcoinalpha and Bitcoinotc are two who-trusts-whom networks of people who trade using Bitcoin on the platform
called Bitcoin Alpha and the platform called Bitcoin OTC, respectively [19]20. In these platforms, users rate other users in
a scale of —10 (total distrust) to +10 (total trust) in steps of 1. The sign of a user’s rating for another user is the sign of
the directed edge formed by the two users, and the absolute value of the rating indicates the weight of the edge.

Wiki-RfA is a network of voting between Wikipedia members [21]. For a Wikipedia editor to become an administrator, a
candidate or another community member must submit a Request for Adminship (RfA). Subsequently, any Wikipedia mem-
ber can vote for support, neutrality or opposition. This induces a directed, signed network in which nodes represent Wiki-
pedia members, positive and negative edges represent supporting and opposing votes, respectively.

Slashdot is a network formed by users tagging each other as friends or foes on the website called Slashdot which is a
technology-related news website known for its specific user community [22]. This network was obtained in February
2009 which nodes represent users and friend/foes tags represent positive/negative edges.

Note that we only use the sign information of edges, regardless of the direction and weight of each edge in the above four
empirical signed networks. In the process of transforming a directed signed network into an undirected signed network, both
the bidirectional negative edges and the unidirectional negative edges are all treated as negative edges with no direction.
Similarly, both the bidirectional positive edges and the unidirectional positive edges are all treated as positive edges. The
bidirectional edges containing one positive edge and one negative edge are considered to be incompatible links, and are
removed from the networks. The characteristics of these four signed networks are shown in the Table 1.
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Table 1

The statical measures of four real-life signed networks. “whole” represents the original network, “positive” and “negative” represent the positive and negative
subnetworks divided from the original network. n and m are the number of nodes and edges, and r is assortative coefficient [23]. t and d represent the statistics
of transitivity [24] and density [25], respectively.

Measures Bitcoinalpha Bitcoinotc Wiki-RfA Slashdot

Positive ~ Negative =~ Whole Positive ~ Negative ~Whole  Positive  Negative = Whole Positive  Negative  All

n 3783 3783 3783 5881 5881 5881 11,221 11,221 11,221 82,140 82,140 82,140
m 12,937 1187 14,124 18,574 2918 21,492 132987 38,774 171,761 382,167 118,314 500,481
d 0.002 0.001 0.002 0.001 0.001 0.001 0.002 0.001 0.003 0.001 3.507 0.001
t 0.074 0.013 0.078 0.057 0.008 0.059 0.129 0.034 0.133 0.025 0.005 0.024
r —-0.155 —0.245 -0.169 -0.145 —-0.231 -0.164  -0.057 —0.084 -0.072 —-0.067 -0.167 -0.073

3. Problem definition and evaluation indicator
3.1. Problem definition

For a given undirected signed network G(V,E,S), where V is the set of nodes, E is the set of edges, and S is the set of signs
corresponding to the set of edges E. Let s(A, B) denote the sign of edge (A, B),s(A, B) = 1 if the sign of edge (A, B) is positive,
and s(A,B) = —1 if the sign of edge (A, B) is negative. Suppose that the signs of some edges in a network are missing, the
problem is defined as predicting the missing signs of these edges, using the known sign and structure information of other
edges. In this study, the training set and test set are obtained by randomly dividing a real-world network. In most link pre-
diction and sign prediction tasks, the ratios of training set and test set are usually 90% and 10% [26,27], so we also use this
partition ratio in this study.

3.2. Learning methodology and evaluation indicator

We first calculate the feature score of each edge in the training set and test set according to the structure of the training
network, and then use a logistic regression to fit the features of training set and learn the coefficients. Finally, we use the
learned coefficients to predict the signs of test set. The logistic regression can be expressed as

1

Pl=1v)=————~,
( v) -1+e—(w0+wT1/)

(1)
where | € {0, 1} is the edge sign, 1 represents positive while 0 represents negative, » is a vector of features, and [w;w,] are
the coefficients we estimate based on the training set. In this study, based on the characteristics of multiple motifs, we also
use the XGBoost classifier to perform sign prediction, which has the following advantages: fast, scalable, less code-writing,
and fault-tolerant [28].

Next, we use the Area Under the receiver operating Characteristic (AUC) curve to evaluate our proposed algorithms
[13,29]. For a given binary classifier f and a training set (x;,y;)[_; with x; € E and y; € {—1,1}, let P = {x;ly; = 1} represent

the set of positive samples, and N = {x;|y; = —1} represents the set of negative samples. The AUC can be defined as:
1
AUC = —— I (2)
PN 2525

where I'is 1 if f(x;) > f(x;) and O otherwise. |P| and |N| are the number of positive samples and the number of negative sam-
ples, respectively. The value of AUC is essentially the probability that the random element of one set is greater than that of
another set. When each positive sample is ranked higher than all the negative samples, the value of AUC is 1. For a random
ranking, AUC is near 0.5.

4. Sign Prediction by Single Motif Naive Bayes model
4.1. Single Edge-dependent Motif based method

According to the clustering mechanism of complex networks, a network tends to form different sizes of loops [30].
Higher-order loops have better predictive performance than lower-order loops because they provide more information
for predictive tasks, but when the order exceeds 4, the accuracy of the prediction is almost unchanged compared with 4-
node loops [7]. Therefore, we only use loop-embedded motifs of orders 3 and 4 for sign prediction. All the 3-node and 4-
node motifs in signed networks are shown in Fig. 1, where the solid line indicates a positive edge, and the dotted line implies
a negative edge.

Any edge of each motif in Fig. 1 can be considered as a prediction edge. According to different sign combinations of edges
other than this edge, we can obtain nine kinds of motif predictors, which represent those motifs that contain a prediction
edge, as shown in Fig. 2. The black solid line indicates a positive edge, the black dashed line indicates a negative edge,
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Fig. 1. All the motifs of 3-node and 4-node in signed networks.
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Fig. 2. The nine predictors corresponding to the motifs in Fig. 1.

and the red line indicates a predicted edge. The Single Edge-Dependent Motif based method (SEDM) can be expressed as: the
score of the predicted edge is the number of certain motifs formed by the edge and other nodes in its neighborhood. For
example, Leskovec et al. [2] proposed using 16 triads involving the predicted edge to predict the edge sign. Chiang et al.
[7] extended their work to boost the predictive performance by considering higher-order subgraphs. Papaoikonomou
et al. [31] believe that the subgraphs that emerge frequently in signed social networks possess the enough discriminative
power to accurately predict edge signs, and fusing the information induced from these subgraphs can greatly improve the
performance of sign prediction. Specifically, when using the predictor S; to infer the sign of the predicted edge (A, B), the
score of this edge can be calculated as

ras = |Si(A, B)|, 3)

where S;(A, B) denotes a set of nodes (for 3-node predictors) or edges (for 4-node predictors) constituting the predictor S;
with the predicted edge (A, B). |Si(A, B)| is the number of predictor S;, i.e., the number of motifs composed of the predicted
edge and other nodes. Suppose there are two nodes (i.e., M and N) in the network which can form two S; with the predicted
edge (A, B), as shown in Fig. 3. Therefore, when using the predictor S; to calculate the score of this edge, rag = |S1(A, B)| = 2.

For a given signed network G, the score of predicted edge (A,B) can be calculated by the Single Edge-Dependent Motif
(SEDM) based Algorithm. Its calculation is shown in Algorithm 1.

Fig. 3. The roles of different nodes forming the predictor S; with the predicted edge.
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Algorithm 1. The Single Edge-Dependent Motif based Algorithm

Input: G(V,E,S) : the signed network
(A,B) : the predicted edge
S; : the predictor for sign prediction
k : the order of S;
Output: r); : the score of the predicted edge (A, B)
If k equals to 3
Initialize S;Num = S4Num = S;Num = 0
For each node M in G
If (M, A) and (M, B) are positive edges (i.e., node M can form S; with (A, B)) do
SiNum+ =1

Else If (M, A) and (M, B) are negative edges (i.e., node M can form S; with (A, B)) do
SyNum+ =1
endfor
endif
If k equals to 4
Initialize S,Num = S3Num = SsNum = SgNum = SgNum = SgNum = 0
For each edge (e, e;) in G
If (eq,e,), (e1,A), (e2,B) are all positive edges or (e, e,), (e1, B), (e2, A) are all positive edges
(i.e., edge (eq, e2) can form S, with (A, B)) do
SoNum+ =1

Else If (e;, e;), (e1, A), (e2, B) are all negative edges or (e, e3), (e1, B), (e2, A) are all negative edges
(i.e., edge (e1, ey) can form Sy with (A, B)) do
SgNum+ =1
endfor
endif
If S; equals to 4
g = S1Num

Else If S; equals to Sg
g = SoNum
endif

The method of SEDM can be regarded as an extension of the notion of transitivity in social networks. Transitivity can be
described as follows. If node A is connected to node B and node B to node C, then there is a heightened probability that node A
will also be connected to node C. That is, when two nodes have a common neighbor node, they are inclined to connect to
each other [32]. In the filed of complex networks, the clustering coefficient is used to quantify the level of transitivity in
a network. A high clustering coefficient means that the nodes in a real-life network tend to form triangular structures
[33], which is the simplest motif can be used for sign or link prediction. Counting the number of triangular motifs is equal
to the method of sign prediction based on common neighbors [34]. However, in a signed network, there is more than one
single type of connection between nodes. In this study, we find that the levels of transitivity in four empirical networks
are very low, which means many nodes share no common neighbors, thus we use the features of 4-node motifs to make
up for the defects of 3-node motifs. Compared with the triangular structure used in the common neighbor-based method,
the motif structures in Fig. 1 are more complex because the edges have both positive and negative signs. Therefore, the com-
mon neighbor-based method is a special case of SEDM, and SEDM is more general than the common neighbor-based method.
As a result, SEDM has better performance in sign prediction than the common neighbor-based method.

Although all the predictors except for S, can improve the performance of AUC from 3.0% to 48.6% compared with the com-
mon neighbor-based method [2,7,31], there is no theoretical support and explanation for this type of intuitive methods.
What is more, the other dilemma of this algorithm is that it does not distinguish the contributions of different nodes. Actu-
ally, each node in the neighborhood of the predicted edge may play a different role. Taking predictor S; in Fig. 3 as an exam-
ple, suppose nodes M and N can form S; with the predicted edge (A, B). Node M can form three S; (i.e., the triads of (A, M, C),
(C, M, D), and (B, M, D)) with three negative edges (i.e., (A, C), (C, D) and (D, B)) in Fig. 3. Different from node M, node N
can form three such predictors (i.e., triads (A, N, E), (E, N, F), and (B, N, F)) with three positive edges (i.e., (A, E), (E, F),
and (F, B)). This figure shows that as a neighbor node of the node pair A and B, node M promotes the formation of a negative
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edge between this node pair, while node N contributes to a positive edge between this node pair. Therefore, M and N have
different roles in the task of inferring the sign of predicted edge (A, B).

In summary, SEDM has two disadvantages. One is that this method is based on the intuitive understanding of local struc-
tures in a real-world network, and a theoretical explanation for the method has not yet been proposed. As a result, it is dif-
ficult to assess the reliability of it. The other is that SEDM does not distinguish the role of each node for predicting the sign of
a predicted edge. In next section, we will propose a Single Motif Naive Bayes model (SMNB) to solve the above problems.

4.2. Single Motif Naive Bayes model

Although the existing naive Bayes models [16,17] can distinguish the roles of different nodes for link prediction, they have
not been applied to sign prediction and are based only on 3-node motifs, in which 4-node motifs are not considered. As
shown in Fig. 4(a), the role function of the 3-node motif considers the influence of node C. For 4-node motifs in Fig. 4(b)
and (c), in addition to the predicted edge (A, B), there are two nodes C and D. The role function can be computed in three
possible ways: (i) only consider the role of node C; (ii) only consider the role of node D; (iii) take nodes C and D as a whole,
and then consider the role of the edge (C, D). The first two methods only consider the partial structures of a motif except the
predicted edge, which are not comprehensive enough. Therefore, we use the third method to calculate the role function
based on 4-node motifs. That is, consider the structures in the red dotted boxes as a whole in Fig. 4(b) and (c), and then cal-
culate their roles in the prediction task.

For a given signed network G(V, E, L) and a train set partition E”, suppose (A, B) is an edge between nodes A and B, we use
D4 to indicate that the edge is positive, and nyz to indicate that the edge is negative. The posterior probability that (A, B) is
positive or negative can be calculated as:

P(pag) - P(Si(A, B)|Dag)

P(nag) - P(Si(A, B)|nas) (5)
P(Si(A,B)) ’

where S;(A, B) represents a set of nodes or edges that form predictor S; with A and B. At this time, for a given predicted edge
(A, B), according to the Maximum A Posteriori Estimation [35], the sign of this edge can be determined by calculating the

ratio of these two posterior probabilities to assign a score to the edge and comparing this score with 1. % > 1 means
(A

that Si(A, B) is caused by p,g, that is, (A, B) is a positive edge. On the contrary, 22272 < 1 means that S;(A, B) is caused by

nag, that is, (A, B) is a negative edge. The score of edge (A, B) can be calculated as:

P(pw) PS(ABIPw) _PPw) 17 PMpas) _Pow) 17 Plas) P(RalM) )

e .
7 P(nas) P(Si(AB)lnas) ~ P(tas) "5y P(MINas) ~ P(tas) 55 P(Pas) P(114sIM)

P(ns|Si(A, B)) =

Here, P(p,;) represents the prior probability that nodes A and B are linked by a positive edge, and P(n4s) represents the
prior probability that nodes A and B are linked by a negative edge. P(p,;) and P(nsg) can be calculated as:

X
Plow) = )
P(i5) = % (8)

where |E| indicates the number of all edges in the signed network, X and Y indicate the number of positive and negative edges
respectively. P(p,;|/M) denotes the probability that there is a positive edge between the pair of nodes that form the predictor
S; with node M. It can be expressed as:

NA*S

P(plM) = ——— "0 9
(DasIM) NA‘S,M+NA 5.-M7 9)

Fig. 4. The calculations of roles in different kind of motifs. (a) The role of node C in predictor S;; (b) The role of the positive edge (C,D) in predictor S,; (c)
The role of the negative edge (C,D) in predictor Ss.
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where N a*s,, and N a-s,, Tepresent the number of positive edges and the number of negative edges in the neighborhood that

form the predictor S; with node M, respectively. Therefore, it is possible to obtain a probability that there is a negative edge
between the pair of nodes that form the predictor S; with node M:

NA’SI'M

P(naM)=1-P M=—-—™M 10
(M) = 1= PlpuslM) = = (10)
Combining Eqs. (7)-(10), raz can be simplified as:
Nyis +1
Tap=a! a—n (11)
MeS;(A.B) NA’SiM +1

where a = ’;((z:g; =Y. To prevent the expression from being meaningless because the denominator is 0, the numerator and

denominator in Eq. (10) are added 1. At this point, given a node M, its role function based on the predictor S; can be defined
as:

R NA+51.M +1 12
S Ny, 10 (12)
M
Thus, Eq. (11) can be described as:
Tap = a’l H aRsi . (13)
MES;(AB) M
Obviously, for a given network, a is a constant. Take the logarithm of Eq. (13):
Thp = log( aRs, ) = log(aRs, ) =|Si(A,B)|loga + apl0gRs . (14)
L) = 3 oslas) = SABJost T S0,

SEDM the role function of predictor S;

There are two parts when calculating the score of a predicted edge using the Single Motif Naive Bayes (SMNB) model. The
first part SEDM can be calculated by the number of predictors S; consisting of the predicted edge and its neighbor nodes (i.e.,
the number of edge-dependent motifs). The second part is the sum of the role of each neighbor node, which forms predictor

1.0
L SEDM ® SMNB
0.9 L4
o
0.8 ¢ . ®
S A
<

0.6 + +

Q .+ ) o, £*© ©°0
+ 4 + + + + + + i- + - =N -
@&-® @ 6 @—®
51 52 53 54 S 5 S S7

6

>0

@)
©

®

8 So

Fig. 5. The AUC values of SEDM and SMNB in the Bitcoinalpha network. SEDM represents the Single Edge-Dependent Motif based method, and SMNB
represents the Single Motif Naive Bayes model.

n
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S; with the predicted edge. If Rs, =1 for each neighbor, SMNB will degenerate into SEDM in Section 4.1. That is to say, in this
case we only consider the number of motifs formed by the predicted edge and other nodes in its neighborhood, regardless of
the roles of these nodes.

For a given signed network G, which contains X positive edges and Y negative edges, the score of the predicted edge (A, B)
can be calculated by the Single Motif Naive Bayes model. Its calculation is shown in Algorithm 2.

Algorithm 2. The Single Motif Naive Bayes Algorithm

Input: G(V,E,S) : the signed network
(A,B) : the predicted edge
S; : the predictor for sign prediction
k : the order of S;
a : the value of ¥
Output: r); : the score of the predicted edge (A, B)
If k equals to 3
Initialize S;num = Synum = S;num =0
Initialize SiR = S4R = S;R =0
For each node M in G
If (M, A) and (M, B) are positive edges (i.e., node M can form S; with (A, B)) do
Sinum +=1
Initialize NA’S1M =0, NA*SIM =0
For each edge (es,e4) in G
If (M, e3), (M, e4) and (es3, e4) are positive edges do
NA+5]M += ]
Else If (M, e5) and (M, e4) are positive edges, and (es, e4) is a negative edge do
NA SIM +=1
endif
endfor

R _ NA+51M +1
Sty No=s,,, 1

SiR += log<R5]M>

Else If (M, A) and (M, B) are negative edges (i.e., node M can form S; with (A, B)) do
Synum += 1
Initialize NA’57M =0, NA’57M =0
For each edge (es,e4) in G
If (M, e3), (M, e4) are negative edges and (es,e4) is a positive edge do
NA‘S7M +=1
Else If (M, e3), (M, e4) and (e3, e4) are all negative edges do
NA 57M +=1
endif
endfor
N,+s, +1
RS7M = #Z‘H

S7R += log (R57M )
endif
endfor
endif
If k equals to 4
Initialize Synum = Ssnum = Ssnum = Sgnum = Sgnum = Sgnum = 0
Initialize SzR = S_v,R = 55R = 55R = SgR = SgR =0
For each edge (ej,e;) in G
If (e1,e,), (e1,A), (e2,B) are all positive edges or (eq,e,), (e1,B), (ez,A) are all positive edges
(i.e., edge (e1,e2) can form S, with (A,B)) do
Sonum +=1

(continued on next page)
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(continued)

Algorithm 2. The Single Motif Naive Bayes Algorithm

Initialize N ,-s, =0, N,-s, =0
(e1€2) (e1€2)
For each edge (es,e4) in G
If ((eq, e3), (e2, e4) and (e3, e4) are all positive edges) or ((eq, e4), (€2, e3) and (es, e4)
are all positive edges) do

N,+ +=1
s 52(31-92)

Else If ((eq, e3), (e,, e4) are all positive edges and (es, e4) is a negative edge) or
((eq, e4), (e2, e3) are all positive edges and (e3, e4) is a negative edge) do

NA’SZ +=1
(e1.€2)
endif
endfor
1
Rs, =N “ae) +1
(e1.€2) 475, +

SHR +=log (Rs2 >
(e12)

Else If (e;,e;), (e1,A), (e2,B) are all negative edges or (eq,e,), (e1,B), (e2,A) are all negative edges
(i.e., edge (eq1,ez) can form Sy with (A, B)) do
Sognum +=1
Initialize N .-, =0,N,-s, =0
(e12) (e1€2)
For each edge (es,e4) in G
If ((eq, e3), (e2,e4) are negative edges and (es, e4) is a positive edge) or ((e, e4), (e2,€3)
are negative edges and (es, e4) is a positive edge) do

N + += 1
o sg(fl-?z)

Else If ((eq, e3), (e3, e4) and (e, e4) are all negative edges) or ((eq, e4), (€3, e4) and (e, e3)
are all negative edges) do

NA Sy += 1
(e1.€2)
endif
endfor
NA.SQ( ) +1
R — €1:€2
59(21_22) NA—SQ(P1 o) +1
SgR += lOg <R59 )
(e1.€2)
endif
endfor

endif
If S; equals to S;
ryg = Sinum « loga + SiR

Else If S; equals to Sg
g = Sonum  loga + SgR
endif

4.3. Performance evaluation

To better demonstrate the performance of SMNB, we compare it with SEDM in four real-world networks. The result of the
Bitcoinalpha network is shown in Fig. 5. The blue scatter points represent the results of using SEDM (the first part of SMNB,
i.e., the number of the edge-dependent motifs) for sign prediction, and the red scatter points are the results of using the
entire SMNB for sign prediction. It is shown that SMNB has a greatly higher predictive ability than SEDM, except the predic-
tor S4. The same conclusion can be obtained in the other three empirical networks, which indicate that the role function can
improve the performance of sign prediction. Therefore, the roles of different nodes need to be distinguished.
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As shown in Fig. 5, after adding the role function, 4-node predictors (i.e., Sz, S3, S5, Sg, Ss and Sg) have higher perfor-
mance improvements than 3-node predictors (i.e., S;, S4 and S;). This indicates that the role function has greater impacts
on 4-node predictors than 3-node predictors, especially predictors S,, S3, Ss and Sg, and this conclusion is also applicable
to the other three networks. Moreover, predictor Sg can obtain the best performance, followed by predictor S,. These two
predictors have similar structures, that is, except the predicted edge, the other three edges in the same predictor have
the same sign. Although the roles of different motifs in real-life networks are not universal, we can compare the predictive
performance of these motifs to mine important motifs in different networks. Furthermore, most of the existing statistics
depict the micro-scale characteristics of network topology (i.e., the properties of one node, two nodes or three nodes),
but we use 4-node motifs to describe the mesoscale network properties. Therefore, there is no direct relationship between
the micro-scale statistics we introduced in Section 2 and the motifs we used in this study, which is the advantage of our pro-
posed algorithm induced from high-order statistics of real-life networks.

4.4. Time complexity analysis

Let n be the number of nodes in a real-life network and m be the number of edges. For a given predicted edge (A, B), when
using the SEDM algorithms based on 3-node and 4-node motifs to compute the score of the edge, all the nodes and edges in
the network need to be traversed, respectively. For the 5-node motifs, except the predicted edge, the algorithms search for
triads consisting of two edges, which means the edges need to be traversed twice by a two-level iteration. Therefore, the time
complexities of SEDM based on 3-node, 4-node and 5-node motifs are O(n), O(m) and O(m?), respectively. The SMNB algo-
rithm adds a role function on the basis of SEDM, which means that it needs to add a layer iteration to traverse all the edges.
Therefore, the time complexities of the SMNB algorithms based on 3-node, 4-node and 5-node motifs are O(nm), O(m?) and
0(m3), respectively.

5. Sign prediction by Two Motif Naive Bayes model

5.1. Two edge-dependent Motif based method

The aforementioned motif naive Bayes model is based on only a single type of motif, but the predicted edge may involve
in multiple types of motifs in a real-life network. For example, when inferring the sign of the predicted edge (A, B) in Fig. 6(a),
which is represented by a solid red line, there are two S;, one S4, two Ss and one Sg on the predicted edge, these different
kinds of motifs can be combined for sign prediction. However, combining all types of predictors for prediction has a higher
computational complexity. Therefore, in this section, we combine two different predictors for sign prediction, and several
combinations of two predictors are shown in Fig. 6(b). Next, we will introduce the Two Edge-dependent Motif (TEDM) based
method and the Two Motif Naive Bayes (TMNB) model, respectively.

The method of calculating the number of Two Edge-Dependent Motif (TEDM) is derived from SEDM, it can be expressed
as: the score of the predicted edge is the sum of the number of these two predictors formed by the predicted edge and its
neighbor nodes. That is, for an edge (A, B) whose sign needs to be predicted, if the predictors S; and S; are used for sign pre-
diction, the score for this edge can be calculated as:

rag = [Si(A, B)| + IS;(A, B)|. (15)

Fig. 6. The schematic diagram of sign prediction by fusing the information of two motifs.
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For example, nodes C and D can form two S; with the predicted edge (A, B) and node E can form one S, with the predicted
edge (A,B) in Fig. 6(a). Therefore, when using S; and S, to predict the sign of (A, B), the score of this edge is calculated as
Tag = |S1(A,B)| + |S4(A,B)| = 2+ 1 = 3, as shown in Fig. 6(b).

5.2. Two Motif Naive Bayes model

The result of sign prediction by a single motif shows that calculating the roles of different nodes that form a certain motif
with the predicted edge can improve the predictive performance. When using two types of motifs for sign prediction, the
roles of nodes that form the two kinds of motifs with the predicted edge all need to be calculated. For example, nodes C
and D form two predictors S; with the predicted edge (A, B) in Fig. 6(a), while node E forms a predictor S, with the predicted
edge. If predictors S; and S, are combined for sign prediction, the roles of nodes C, D and E all need to be quantified.

Suppose two predictors S; and S; are used for sign prediction, the posterior probability that edge (A, B) is positive or neg-
ative can be calculated as:

(A B (A _ P®u) PUSIAB).S(AB)pw) _Plpss) -PS(A.B)lpw) - P(S(A.B)lp)
Pal B SAD) = s A san) PGABSAB) e

P(nag) - P((Si(A,B),Sj(A,B))|nas)  P(nag) - P(Si(A, B)|nas) - P(S;(A, B)|nap)

P(nss|(Si(A, B),Si(A,B))) = P(Si(A,B),S(A,B)) - P(Si(A,B),S;(A,B)) ’

(17)

where S;(A, B) and S;j(A, B) represent two sets of nodes that form predictors S; and S; with edge (A, B), respectively. At this
time, the score of this edge can be calculated as:

_ P(pAB|(Si(AvB) Sj(A,B))) _ P(psg) P(Si(A,B)|pas) _P(SJ(A7B)‘pAB)

s P(nAB\(s,»(A,B)Zsj(A,B)))_P(nAB)'P(si(A,B)\nAB) P(S;(A, B)[ns5)’ (18)

where ;A3 can be organized into the following form:

P(S;i(AB)[nap
P(Si(A, B)[Pag) _ P(MIpys) P(1145) .P(pAB‘M). (19)
P(Si(A7B)‘nAB) MeSi(A_B)P(MlnAB) MEeS;(AB) P(pAB) P(nAB|M)
- P(S;(AB)lpaz ) .
Similarly, m can be calculated as:
P(S](A7B)|pAB) _ P(nAB) P(pAB|H) (20)

P(S(AB)nas) 55 P(Pas) P(1aslH)’
Combining Eqs. (18)-(20), r4p can be simplified as:

_ P(pay) P(nss) P(paslM) P(1ss) P(paslH)
rAB_P(nAB) ME!;[A_B)P(pAB) P(nag|M) He!j_(!{,B)P(pAB) P(naslH) " (21)

According to the process from Eqgs. (7)-(14), Eq. (21) can be simplified as:

Tap = al H aRsiM H ajoH . (22)
MEeS;(A,B) HeSj(AB)
N’,\,, +1 . . .
Here, a = ’;E;Af}g)) = % which is introduced in Section 4.2. Rs, = % is the role function of node M based on predictor S;,
Sy
N,+s. +1
and R, = foz’“ — is the role function of node H based on predictor S;. We use a logarithmic function on both sides of Eq. 22, it
S

can be written as

fo= | SABI+ISAB) |loga+ Y, lo8Rs,  + Y, l08Rs, (23)
%/_/ 1
TEDM

the role function of predictor S;  the role function of predictor S;

where loga is a constant. The first part is TEDM in Section 5.1, which is based on calculating the number of two predictors
formed by the predicted edge and other nodes. The second and third parts are the role functions based on predictors S; and S;,
respectively.
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Table 2
The comparison of four sign prediction methods. SEDM represents the Single Edge-Dependent Motif based method, SMNB represents the Single Motif Naive
Bayes model, TEDM represents the Two Edge-Dependent Motif based method, and TMNB represents the Two Motif Naive Bayes model.

Method Motif Bitcoinalpha Bitcoinotc Wiki-RfA Slashdot
SEDM S 0.589 0.693 0.650 0.552
Sa 0.687 0.601 0.557 0.526
Ss 0.710 0.668 0.562 0.610
Ss 0.787 0.717 0.723 0.757
SMNB S 0.674 0.701 0.659 0.557
Sa 0.671 0.589 0.539 0.520
Ss 0.800 0.712 0.809 0.838
Ss 0.798 0.723 0.855 0.836
TEDM S1+54 0.555 0.630 0.618 0.534
S; +Sg 0.754 0.739 0.723 0.763
S5 +Sg 0.778 0.684 0.586 0.684
TMNB S1 + S, 0.762 0.732 0.686 0.574
S1+Sg 0.828 0.804 0.863 0.842
S5 + Sg 0.865 0.774 0.856 0.874

5.3. Performance evaluation

We use TMNB to perform the sign prediction for experimental social networks, and the results are shown in Table 2. It can
be found that SMNB has higher predictive performance than SEDM and TMNB outperforms TEDM, which indicates that tak-
ing into consideration role functions can improve the performance of sign prediction. Besides, although node role functions
are considered in both TMNB and SMNB, TMNB has better predictive performance than SMNB because TMNB also incorpo-
rates two motifs. However, TEDM only integrates two motifs without considering role functions, which results in that TEDM
is not always superior to SMNB.

We compare TMNB with the state-of-the-art approaches, including the Local Naive Bayes model (LNB), the Parallel Link
Sign Prediction method (PLSP) [9] and the Deep Network Embedding with Structural Balance Preservation method (DNE-
SBP) [36], for the Wiki-RfA and Slashdot networks. The LNB model can quantify the different roles of common neighbors
of a node pair. The PLSP method can extract both global and local structural features. The global features are derived from
status theory [22], feedback transmission theory [37] and several prior estimates from existing links; and the local features
are derived from neighborhood information and balance theory [38]. Then, two speedup strategies (i.e., dataset division and
feature selection) are presented to shorten the training time. The DNE-SBP method is designed to learn the low-dimensional
node vector representations with structural balance preservation using a deep network embedding model in signed net-
works. The comparison of our proposed method and the state-of-the-art methods is shown in Fig. 7, which shows that TMNB
has higher performance than LNB, PLSP and DNE-SBP methods.

Although TMNB can obtain higher prediction results than the state-of-the-art methods, it has the following shortcomings.
On one hand, it uses only two types of motifs and is thus not comprehensive enough. On the other hand, any two kinds of
motifs can be combined for sign prediction, randomly selecting the motifs will result in unstable prediction results. There-
fore, we use all the 3-node and 4-node motifs as features for sign prediction. Specifically, the score of a predicted edge cal-

0.9

0.8 Motif Family
[8) [ Feature Selection by MIC
2 FFFE TMNB

= PLSP
0.7 % DNE-SBP
7 77" LNB
0.6
0-5 Wiki-RFA

Slashdot

Fig. 7. The comparison of our proposed method and the state-of-the-art methods.
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culated by the Single Motif Naive Bayes model (SMNB) based on a type of motif is a one-dimensional feature, and the edge
scores calculated by 9 types of motifs are 9-dimensional features. And then we use the XGBoost classifier to predict the edge
sign. In [39], all the networks with the same triad significance profile are classified into a class which is collectively referred
to as “network superfamily”. Inspired by it, we use all the types of 3-node and 4-node motifs for sign prediction, so we call
them “motif family”. The results are shown in Fig. 7, which indicate that compared to TMNB, PLSP, DNE-SBP and LNB, the
motif family can greatly improve the performance of sign prediction.

5.4. Motif correlation detection

In the previous sections, we used different motifs for sign prediction without exploring the relationship between them.
Mining the correlation among different motifs not only helps to uncover the evolution mechanism of the network, that is,
those motifs that are highly correlated tend to transform each other in dynamic social networks [40,41], but also contributes
to effective feature selection [42,43]. Therefore, we attempt to explore the relationship between different motifs in this
section.

Generally, the Pearson correlation coefficient is a classical statistic to characterize the correlation between two variables
[44,45]. It is a linear correlation coefficient that reflects the linear correlation degree of two variables, and the range of its
value is between —1 and 1. The value is 1 means that the two variables are completely positively correlated, O means linearly
independent, —1 means completely negatively correlated. The larger the absolute value, the stronger the linear relationship.
The Pearson correlation coefficient metric can be calculated as

1 &K(Xi—-X\(Yi-Y
p:n—1”< Ox )( oy )’ (24)

where X and Y are the average values of the sample values of the variables X and Y. oy and oy are the standard deviations of
the sample values of the variables X and Y, respectively. The main disadvantage of the Pearson correlation coefficient is that it
can not measure the nonlinear relationship between variables, and it is susceptible to noise.

Compared with the Pearson correlation coefficient, the Maximal Information Coefficient (i.e., MIC) [ 18] has the following
three advantages. First, it can not only get the functional relationship between variables, including linear function relation
and nonlinear function relation, but also mine the non-function relation. Besides, the MIC metric can be used to compare not
only the strength of the same correlation vertically, but also the strength of different relationships horizontally. Finally, the
MIC metric depends only on the ordering of the data, and it is constant in the order-preserving transformation axis. The cal-
culation process of the MIC metric can be described as follows. First, draw a grid on the scatterplot of two variables, and find
the largest mutual information value. Then, normalize the largest mutual information value. Finally, select the maximum
value of mutual information at different scales as the MIC value. The formula of the MIC metric can be written as

1.0
S1
82 0.8
S3
S +\: 0.6

®-—®

S; S4
86 0.4
S; Q.
Sg O+® OO 0.2
S O @

S, S, S, S, Sy S; S, Sz S,

Fig. 8. The correlation matrix of Maximal Information Coefficients (MIC) of all the motif predictors.
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MIC[X;Y] = max I1X; Y]

xivi<slog, (min(|X], |Y]))’ =

where I[X; Y] represents the mutual information between X and Y, which is calculated as >", ,p(X, Y)log, % p(X,Y) is the

joint probability density distribution, p(X) and p(Y) are the marginal probability distribution functions of X and Y. |X| and |Y|
represent the number of segments in the X and Y directions, respectively. |X||Y| < B means that the total number of all
squares cannot be greater than B. Generally, the value of B is 0.6 power of the total number of samples, which is an empirical
value.

We use the MIC metric to measure the correlations between different motifs. The time complexity of MIC is O(m?) [46],
where m represents the number of edges. The redundancy (i.e., correlation) between any two motifs S; and S; is defined as
MIC(S;, S;). The larger the value of MIC(S;,S;), the stronger the substitutability between the motifs S; and S; (i.e., the stronger
the redundancy). MIC(S;,S;) = 0 indicates that S; and §; are independent of each other. Then we use a heat map to color the
correlations among all the predictors, where the color intensity indicates the strength of the correlation. That is to say, the
darker the color, the stronger the correlation between the features. The heat map of the Bitcoinalpha network is shown in
Fig. 8. In each black box, the neighbor node and the neighbor edges of the predicted edge (A, B) in these predictors link with
the predicted edge by the same pattern. Therefore, three predictors in each black box can use the same type of SMNB model
for sign prediction. According to the result of feature correlation in Fig. 8, there is a strong correlation between two 4-node
predictors in each black box, while the correlations between 3-node and 4-node predictors are all weak. For each pair of
strongly correlated 4-node motifs, the neighbor edges of the predicted edge in these two motifs are different from each other.
This indicates that it is feasible to consider the two neighbor nodes of the predicted edge in the 4-node motifs as a whole, and
then calculate the role of this edge. The same conclusion can be obtained in the other three real-life networks, which shows
that the results of motif correlation mining are universal.

According to the correlation matrix, feature selection can be performed by removing the redundant features. Then, using
the selected features for sign prediction can reduce the computation. In the correlation matrix, S, and S5, Ss and Sg, Ss and Sy
are strongly correlated, while three 3-node motifs (S;, S; and S;) are independent of each other. Since the redundancy is
great when the motifs are strongly correlated, we choose S;, S,, S4, Ss, S; and Sg for sign prediction to reduce the redun-
dancy, and the results of the Wiki-RfA and Slashdot networks are shown in Fig. 7. The result of feature selection by MIC cor-
relation matrix is very close to that of the motif family, which indicates the correlation matrix can effectively filter the
redundant features so as to reduce the computation on the premise that the performance drops little.

6. Conclusion

In summary, we proposed a Single Motif Naive Bayes (SMNB) model to predict the edge signs in online social networks.
This model not only explains the prediction mechanism of the Single Edge-Dependent Motif based method (SEDM), but also
considers the roles of different nodes (for 3-node predictors) and edges (for 4-node predictors) when using multiple motif
information for sign prediction. The sign prediction performance on four empirical signed networks indicates that SMNB has
a greater predictive ability than SEDM (i.e., calculating the motif number on the predicted edge). Next, we extended the
SMNB model, and proposed a Two Motif Naive Bayes (TMNB) model. Experimental results on real-world networks validated
the superiority of the proposed method comparing with the state-of-the-art methods. Finally, according to the matrix of the
Maximal Information Coefficient (MIC) between all the motif predictors, the intrinsic relationship between any pair of motifs
is discovered.

Different kinds of motifs can be integrated into the naive Bayes model for sign prediction, which extends the traditional
motif theory [47]. We proved that at the mesoscale it is reasonable to use the motifs that are distributed on a predicted edge
to perform sign prediction, while the traditional motif theory only pays attention to whether the number of motifs signifi-
cant in the whole network compared with its corresponding randomized version at the macro-scale [47]. Moreover, we
found that the role of a node and its contribution are significantly related to the number of the special functional units it
participates in, and distinguishing the roles of different nodes helps to further understand the evolution of network struc-
tures and design new algorithms to improve the performance of sign prediction. In the future, we will explore the detailed
relationship between different motifs to uncover the evolution mechanism of signed social networks. Furthermore, we will
combine motifs with the bayesian linear regression model [48] to perform edge weight prediction [49] in signed social net-
works, and select features according to the correlation between motifs [9,50].
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