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Abstract—Link prediction can discovermissing information and
evolution mechanism of complex networks, so a huge number of
novel algorithms have been proposed recently. However, the
existing link prediction algorithms for directed signed networks
only depend on motifs that satisfy status theory, and other types of
motifs are rarely taken into account. In this study, first we propose
a link prediction method based on the number of edge-dependent
motifs, and explain it by a naive Bayes model. Furthermore, we put
forward a Signed Local Naive Bayes (SLNB) model based on two
kinds of different motifs, which has higher prediction performance
than only considering a single motif. Finally, we combine all the 3-
node motifs to form a motif family, and use a machine learning
framework for link prediction. The results show that motif families
can greatly improve the performance of link prediction.Moreover,
according to the correlation between these predictors, the intrinsic
relationship between different motifs can be discovered, and the
computational complexity of link prediction can be reduced after
feature selection. Our research can not only improve the
performance of link prediction, but also be helpful to uncover the
evolutionarymechanism of signed social networks.

Index Terms—Signed network, Status theory, Motif families,
Naive Bayses model, Link prediction.

I. INTRODUCTION

L INK prediction refers to predicting the existence of a link

between two nodes based on the known nodes and edges in

complex networks [1], [2], which is of great significance in both

static and dynamic networks. For static networks, link predic-

tion can find false and missing links [3]. For dynamic networks,

it is helpful to understand the evolution mechanism of a real-life

network and compare the advantages and shortcomings of dif-

ferent network evolution models [4]–[6]. In recent years, more

and more attention has been paid to this field [7]–[9].

In all the methods of link prediction, the approaches based

on structure information are the most commonly used, which

can be classified into global and local structure methods [10],

[11]. Although the algorithms based on global structures can

achieve high performance, the computational complexity of

them is relatively high and they cannot be applied to large-

scale networks [12], [13]. In contrast, the prediction algo-

rithms based on local structures have low complexity and are

easy to be implemented [3], [10], [14]. However, most of

them can not be applied to signed networks directly, because

these local methods seldom consider the sign of each edge

between a pair of nodes.

Signed networks are a special type of complex networks with

both positive and negative edges [15]. The positive edges repre-

sent positive relationships such as “friends” and “trust”, and are

represented by the positive sign “+”. The negative edges repre-

sent negative relationships such as “enemies” and “distrust”,

and are represented by the negative sign “–”. In a signed net-

work, whether two nodes do link each other depends on not

only the number of common neighbors between them, but also

the sign and direction of each edge in their neighborhood.

The most commonly used link prediction algorithm in signed

networks is based on small subgraphs that satisfy status theory,

and these subgraphs can be understood as special cases of

motifs [16]. Compared with many global structural features

such as small-world [17] and scale-free [18], motif (i.e., sub-

graph) is the most basic structural and functional unit in com-

plex networks [19]. Link prediction via a motif can be

expressed as: whether two nodes do connect depends on the

specific functional units formed by the edge connecting these

two nodes and their neighbor nodes [20]. The motif-based pre-

diction algorithm considers the connection patterns (including

the signs and directions of edges) between node pairs and their

neighbors, so it is applicable to signed networks [21], [22].

The existing motif-based link prediction algorithms for

signed networks have the following three drawbacks. First, the

current methods only focus on motifs that satisfy status the-

ory [23]–[25], but do not consider other types of motifs. Actu-

ally, the mechanism by which the motifs can be employed to

link prediction in signed networks is not explained. At the same

time, there is no answer as to explain the mechanism that calcu-

lating the number of motifs on the predicted edge can be used

for link prediction. Finally, the classical algorithms of link pre-

diction are based on only a single motif and do not think about

the relation between different kinds of motifs.

To solve the above mentioned problem, we investigate a

novel framework based on the edge-dependent motifs for link

prediction. In this study, we first use motif theory to explore the

relationship between the number of each motif and its ability
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for link prediction. Experiments on five empirical signed net-

works demonstrate that the prediction ability of a motif

depends not on its number in the whole network but on the

number of edge-dependent motifs. Then we explain the edge-

dependent motif based link prediction by a naive Bayes model.

Secondly, we put forward a Signed Local Naive Bayes (SLNB)

model, which has higher prediction performance than a single

motif. Finally, we combine all the types of 3-node motifs to

build a machine learning classifier based on motif families. The

network structure information used by motif families in link

prediction is more comprehensive than status theory and thus

gives more accurate prediction.

The paper is organized as follows. The empirical network

data and the evaluation indicators of link prediction are intro-

duced in Section II. In Section III, we evaluate the limitation

of status and motif theory for link prediction and propose a

prediction algorithm based on the number of edge-dependent

motifs. Moreover, the mechanism of the proposed prediction

method is explained by a naive Bayes model. A Signed Local

Naive Bayes (SLNB) consisting of two motifs is proposed and

a machine learning predictor of motif families is built to

improve the performance of link prediction in Section IV. We

finally offer the conclusion in Section V.

II. DATA DESCRIPTION AND EVALUATION INDICATORS

A. Description of Empirical Network Data

In this study, we use five signed social networks where links

are explicitly positive or negative for link prediction: Bitcoi-

nalpha, Bitcoinotc,Wiki-RfA, Slashdot and Epinions.

Bitcoinalpha and Bitcoinotc are two who-trusts-whom net-

works of people who trade using bitcoin on the platform called

Bitcoin Alpha and the platform called Bitcoin OTC, respec-

tively [26], [27]. Users of these platforms rate other users in a

scale of -10 (total distrust) to +10 (total trust) in steps of 1.

The sign of a user’s rating for another user is the sign of the

directed edge formed by the two users, and the absolute value

of the rating indicates the weight of the edge. The Bitcoinal-

pha network has 3,783 nodes and 24,186 edges, where the pos-

itive edges account for 93.65% of all edges, and the negative

edges account for 6.35%. The Bitcoinotc network contains

5,881 nodes and 35,592 edges, where the positive edges

account for 89.99% of all edges, and the negative edges

account for 10.01%.

Wiki-RfA is a network of voting between Wikipedia mem-

bers [28]. To make a Wikipedia editor to be an administrator, a

candidate or another community member must submit a

Request for Adminship (RfA). Subsequently, any Wikipedia

member can vote for support, neutrality or opposition. This

induces a directed, signed network in which nodes represent

Wikipedia members, positive and negative edges represent

supporting and opposing votes, respectively. This network con-

tains 10,835 nodes and 185,626 edges, the ratios of positive and

negative edges are 77.82% and 22.18%, respectively.

Slashdot is a network formed by users tagging each other as

friends or foes on the website called Slashdot which is a

technology-related news website known for its specific user

community [29]. This network was obtained in February 2009

which nodes represent users and friend/foes tags represent posi-

tive/negative edges. This network contains 82,144 nodes and

549,202 edges, and the ratios of positive and negative edges are

77.4% and 22.6%, respectively.

Epinions is a who-trust-whom online social network of a

general consumer review site Epinions.com [29]. Members of

the site can decide whether to “trust” each other. The “trust”

relationship between two members represents a positive edge.

Conversely, the “distrust” relationship between two members

represents a negative edge. This network contains 131,828

nodes and 841,372 edges, and the ratios of positive and nega-

tive edges are 85.3% and 14.7%, respectively.

It should be noted that we only use the direction and sign

information of edges, regardless of the weights of edges in the

above five empirical signed networks.

B. Evaluation Indicators for Link Prediction

We use the two most commonly used evaluation indicators,

AUC [30] and Precision [31], to measure the performance of

link prediction. AUC refers to the area under the Receiver

Operating Characteristic (ROC) curve. The networks used

throughout this study are large-scale, so we do not draw the

ROC curve when actually calculating the value of AUC, but

utilize the sample comparison method to obtain an approxi-

mate value.

AUC can be understood as the probability that the score of

a randomly chosen missing edge is higher than the score of a

randomly chosen non-existent edge. That is to say, each time

randomly selects a missing edge and a non-existent edge. If

the score of the missing edge is higher than the score of the

non-existent edge, add 1 point; if the two scores are equal,

add 0.5 points; if the score of the missing edge is lower than

the score of the non-existent edge, no points will be added.

After performing this process N times independently, there

are X times when the score of the missing edge is higher than

that of the non-existent edge, and Y times when the scores of

the two edges are equal. Then AUC can be defined as

AUC ¼ X þ 0:5Y

N
: ð1Þ

AUC measures the overall performance of link predic-

tion [30]. Precision does not focus on the overall performance,

but only pay attention to whether a few edges with high scores

are accurately predicted [31]. Precision is defined as the pro-

portion of edges that are accurately predicted in the set of the

top L scores. After sorting the scores of edges in descending

order, if there are m missing edges in the set of top L scores,

then Precision can be defined as

Precision ¼ m

L
: ð2Þ

The value of Precision is related to the parameter L. When the

parameter is given, the larger the value of Precision is, the

more accurate the Prediction is.
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III. FROM STATUS THEORY TO EDGE-DEPENDENT

MOTIF THEORY

A. Status Theory in Signed Networks

Signed networks are a special type of social networks that

have both positive and negative edges. Status theory of signed

networks was first proposed by Davis [32]. The theory holds

that the sign of an edge connecting two nodes depends on the

status difference between them. The detailed description is as

follows. A positive link from A to Bmeans that B has a higher

status than A. In contrast, a negative link from A to B means

that B has a lower status than A. These relative levels of status

can be propagated along multi-step paths of signed links [29].

For example, if there is a positive link from B to A and a posi-

tive link from A to C in Fig. 1(a), according to the transitivity

of relative status, the status of C is higher than B.

Based on the definition of status theory, it is possible to find

all the motifs of different orders that satisfy or do not satisfy the

theory. The clustering mechanism makes a network more

inclined to form loops [21]. Moreover, high order motifs and

low order motifs mutually define and predict each other [33].

Therefore, we only consider loop-embedded motifs of order 3.

Eight motifs that satisfy status theory and four motifs that do

not satisfy the theory are presented in Fig. 1. The former are

shown in Figs. 1(a)-(h) and the latter are illustrated in

Figs. 1(i)-(l). The solid black line connecting two nodes

indicates a positive link and the black dotted line implies a

negative link.

Taking Fig. 1(i) as an example, the reason why the motif

does not satisfy status theory is as follows. The positive link

from C to A indicates that the status of A is higher than C,

and the positive link from B to C indicates that the status of C
is higher than B. According to the transitivity of the relative

level of status, the status of A is higher than B. However, there

is a positive link from A to B in Fig. 1(i) (i.e., the status of B
is higher than A), and this contradicts the conclusion derived

from the transitivity of relative status. Therefore, this motif

does not satisfy status theory.

B. Limitation of Status Theory for Link Prediction

As the basic unit of networks, motif can uncover the struc-

tural design principles of networks to a certain extent [16]. A

network satisfies status theory if there are many motifs that

satisfy status theory in the network, and these high-frequency

motifs in the network perform well for link prediction [10],

[34]. Therefore, status theory can be evaluated by link predic-

tion [21]. In this section, we evaluate the limitation of status

theory for link prediction by the experimental results.

There are three predicted edges on each motif in Fig. 1, so

12 motifs correspond to 36 predictors in total. After removing

the repeated predictors, there are a total of 32 predictors. Since

there are both positive and negative edges in signed networks,

we divide the missing edges into positive and negative missing

edges, and then perform link prediction for these two types of

edges respectively. Therefore, 32 predictors can be divided

into 16 predictors for positive edges and 16 predictors for neg-

ative edges, as shown in Figs. 2 and 3, respectively. In these

two figures, S1-S12 and N1-N12 represent predictors that sat-

isfy status theory, and S13-S16 and N13-N16 represent predic-

tors that do not satisfy status theory. The black solid lines

indicate the positive edges, the black dashed lines indicate the

negative edges, the red solid lines and the red dashed lines

indicate positive and negative predicted edges (i.e., the miss-

ing edges and the non-existent edges which are introduced in

Section II-B), respectively.

We use 16 predictors for positive edges in Fig. 2 and the

same number of predictors for negative edges in Fig. 3 for

link prediction, respectively. The result of the predictors for

positive edges is shown in Fig. 4. The circular scatter points

represent the predictors that satisfy status theory and the trian-

gular scatter points represent the predictors that do not satisfy

the theory. It can be seen that most predictors that satisfy

status theory have high prediction performance, which indi-

cates that these empirical networks are basically in line with

status theory. However, not all the predictors that satisfy the

theory have higher prediction performance than the predictors

that do not satisfy the theory. In addition, it can also be found

that some predictors that do not satisfy status theory can

achieve very high prediction performance.

Fig. 1. All the signed loop-embedded motifs of order 3 with single directional
edges. (a)-(h) Motifs satisfy status theory; (i)-(l) Motifs do not satisfy status
theory.

Fig. 2. The predictors for positive edges corresponding to the motifs in Fig. 1.
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In order to demonstrate the limitation of status theory more

specifically, we compare the average performance of all pre-

dictors that satisfy status theory and that of all predictors that

do not satisfy the theory, as shown in Fig. 5. In a statistical

sense, the predictors that satisfy status theory do not outper-

form the predictors that do not satisfy this theory. The same

result can be obtained when using AUC and precision metrics

to measure the predictive performance. Therefore, status the-

ory is not very effective for link prediction. Actually, link pre-

diction using the predictors for negative edges can also lead to

such a conclusion.

The result of evaluating status theory by link prediction indi-

cates that the theory is not sufficient for link prediction. As a

subset of motif theory, status theory only considers the motifs

that satisfy status theory. Therefore, we try to take into account

the motifs that do not satisfy status theory, and attempt to use

motif theory for link prediction in singed networks.

C. Limitation of Motif Theory for Link Prediction

According to the similar mechanism of status theory, the idea

of the traditional motif theory for link prediction is as follows.

The more times a certain motif appears in a real-life network,

the more important the functional module corresponding to the

motif, which means that the number of motifs is very important.

Put this idea on link prediction, it can be considered that the

more times a certain motif appears in the network, the stronger

the predictive ability of the corresponding predictor of the

motif. Next, we examine whether this idea is valid by studying

the relationship between the number of motifs and the perfor-

mance of link prediction.

We calculate the number of motifs corresponding to each

predictor in five empirical networks. The relationship between

the number of each motif and the performance of the predictor

corresponding to the motif is shown in Fig. 6. We find that

except the AUC values of Slashdot and Epinions and the Preci-

sion value of Slashdot, there is a weak correlation between the

number of motifs and the performance of link prediction. To

prove this weak correlation, we calculate the Pearson correla-

tion coefficient [35], [36] between the number of motifs and

the performance of link prediction. The Pearson correlation

coefficients between the number of motifs and the AUC values

of Bitcoinalpha, Bitcoinotc, Wiki-RfA, Slashdot and Epinions

are 0.611, �0.251, 0.398, 0.867, 0.828, respectively. The Pear-

son correlation coefficients between the number of motifs and

the Precision values of these five networks are 0.478, 0.271,

0.415, 0.763, 0.572, respectively.

Regardless of whether AUC or Precision is used as an eval-

uation indicator, the above results demonstrate that the ability

of a motif for link prediction depends weakly on the total num-

ber of this motif in a real-life network. There are two main

Fig. 3. The predictors for negative edges corresponding to themotifs in Fig. 1.

Fig. 4. The results of evaluating status theory using the predictors for positive
edges. “Satisfied” means the result of the predictors that satisfy status theory
and “Unsatisfied” is the result of the predictors that do not satisfy status theory.
(a) The prediction result of AUC, and (b) the prediction performance measured
by Precision.

Fig. 5. The comparison of the average performance of all predictors that
satisfy status theory and that of all predictors that do not satisfy the theory.
“Satisfied” means the result of the predictors that satisfy status theory and
“Unsatisfied” is the result of the predictors that do not satisfy status theory.
(a) The prediction result of AUC, and (b) the prediction performance measured
by precision.
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reasons for this. First, although some motifs have a very large

number in empirical networks, the distribution of these motifs

in the network is heterogeneous. That is to say, a certain motif

is present in a large amount at some local structures, but such

type of motif is very sparse in other parts. In addition, the

highly abundant motifs cannot exist in isolation but aggregate

into a large motif cluster [33], and this causes the motifs to be

concentrated on a small number of edges. It should be noted

that the strong correlation between the total number of each

motif and the prediction performance of Slashdot and Epi-

nions may be due to the fact that the motifs in these networks

are evenly distributed on each predicted edge.

Moreover, we also find that the performances of distinct

predictors corresponding to the same motif are different. For

example, the predictors S4, N1 and N2 correspond to the same

motif, but for the Bitcoinalpha network, the AUC results of

the three predictors are 0.534, 0.739, and 0.747, respectively.

And the Precision results are 0.902, 0.876, and 0.867, respec-

tively. This also demonstrates that the predictive performance

of the motif is dependent on the specific predicted edge. The

conclusion also applies to the other four real-life networks.

D. Link Prediction by Edge-Dependent Motif Theory

In the above section, it has been observed that there is

no strong correlation between the number of motifs and the

performance of link prediction. This is primarily due to the

non-uniformity and agglomeration of the motif distribution in

real-life networks. Therefore, we conjecture that the predictive

ability of each motif does not depend on the total number of it,

but on the number of edge-dependent motifs. For a certain

motif, the edge-dependent motif refers to the motif that exists

on the predicted edge. That is to say, the edge-dependent motifs

corresponding to a certain motif in the network are a subset of

all such motifs. The idea of the edge-dependent motif can be

expressed as follows. For an edge, the more number of one

motif it involves, the more prominent the functional module

corresponding to the motif is. Put this idea on link prediction,

the greater the probability that such a motif appears on each

edge is, the stronger the link prediction ability of the motif is.

Based on the above analysis, we attempt to explain how the

number of edge-dependent motifs affects AUC in this section.

We first explore the relationship between the number of edge-

dependent motifs and the value ofX (and Y ) when calculating

AUC in Section II-B. The number of edge-dependent motifs is

proportional to the value of X, and inversely proportional to

the value of Y in Fig. 7. This shows that when calculating the

value of AUC, the more the number of edge-dependent motifs,

the more the situations where the score of a missing edge is

greater than that of a non-existent edge, and the less the situa-

tions where the two scores are equal.

Next, we explore the relationship between the number of

edge-dependent motifs and AUC. The results are shown in

Figs. 8(a) and (c), there is a strong correlation between the num-

ber of edge-dependent motifs and AUC. Figures 8(b) and (d)

show the relationship between the number of edge-dependent

motifs and Precision, and there is also a strong correlation

between them. Then, we calculate the Pearson correlation coef-

ficient between the number of edge-dependent motifs and the

link prediction performance to prove the strong correlation

between them. When using the predictors for positive edges for

link prediction, except that the Pearson correlation coefficient

between the number of edge-dependent motifs and AUC in the

Bitcoinalpha network is 0.999, the coefficients in other four

networks are all 1.000. The Pearson correlation coefficients

between the number of edge-dependent motifs and Precision in

Bitcoinalpha, Bitcoinotc, Wiki-RfA, Slashdot and Epinions are

0.560, 0.711, 0.773, 0.900 and 0.853, respectively. The same

Fig. 7. The relationship between the number of edge-dependent motifs
corresponding to a predictor and the value of X (and Y) when calculating
AUC. (a)-(b) results of the predictors for positive edges; (c)-(d) results of the
predictors for negative edges.

Fig. 6. The relationship between the number of eachmotif and its corresponding
prediction performance in real-life networks.
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results can be obtained when the predictors for negative edges

are used, which indicates that the correlation between the link

prediction performance and the number of edge-dependent

motifs is stronger than that between the link prediction perfor-

mance and the number of motifs. The same conclusion can be

achieved when using AUC and precision metrics to measure

the predictive performance. The above results support our con-

jecture that the ability of a motif for link prediction depends on

not its number in the whole network but the number of edge-

dependent motifs. Our findings suggest that the greater the

probability that such a motif appears on each edge, the stronger

the link prediction ability of the motif.

E. Naive Bayes Explanation for Edge-Dependent Motif Theory

The traditional common-neighbor-based link prediction

algorithms are based on the assumption that each common

neighbor contributes equally to a potential link. However,

Zhang et al. argued that this assumption was not realistic and

they proposed a Local Naive Bayes (LNB) model as a probabi-

listic model for link prediction [37]. The key idea is that they

introduced a node role function to quantify the contribution of

each common neighbor to the potential link. However, the

LNB model has a disadvantage of not considering the weight

information of each edge. Consequently, Wu et al. extended

the LNB model to weighted networks to overcome this short-

coming, and proposed aWeighted Local Naive Bayes (WLNB)

model [38].

LNB only considers the simplest triads without weights,

directions and signs, and WLNB adds the function of weighted

triads. However, both LNB and WLNB are only utilized in

unsigned networks. In other words, the negative edges are

ignored or treated as positive edges. Thus, we propose a Signed

Local Naive Bayes (SLNB) model for link prediction in signed

networks. Our model considers the directed signed triads.

Therefore, our model of the local subgraph (i.e., motif) has a

different meaning from LNB andWLNB.

For a given signed network GðV;EÞ and a train set partition

ET , suppose x and y are two nodes in the network, we use exy
to indicate that the two nodes are connected, and exy to indi-

cate that x and y are not connected. The posterior probability

that nodes x and y are connected to each other or not can be

calculated as:

P ðexyjSiðx; yÞÞ ¼ P ðexyÞ � P ðSiðx; yÞjexyÞ
P ðSiðx; yÞÞ ; ð3Þ

P ðexyjSiðx; yÞÞ ¼ P ðexyÞ � P ðSiðx; yÞjexyÞ
P ðSiðx; yÞÞ ; ð4Þ

where Siðx; yÞ represents a set of nodes that form predictor Si

with x and y. Taking predictor S1 as an example, there are

two nodes (i.e., w and b) can form predictor S1 with x and y in
Fig. 9. Therefore, S1ðx; yÞ is the set of nodes fw; bg.

At this time, for a given pair of nodes, we can judge

whether they are more inclined to link by comparing the

probability that they do connect P ðexyjSiðx; yÞÞ and the

probability that they do not connect P ðexyjSiðx; yÞÞ. To

better compare which edges are more likely to occur, we

can use the ratio of the two probabilities to calculate a

score for each pair of nodes:

rxy ¼ P ðexyÞ
P ðexyÞ �

P ðSiðx; yÞjexyÞ
P ðSiðx; yÞjexyÞ

¼ P ðexyÞ
P ðexyÞ �

Y
w2Siðx;yÞ

P ðwjexyÞ
P ðwjexyÞ

¼ P ðexyÞ
P ðexyÞ �

Y
w2Siðx;yÞ

P ðexyÞ
P ðexyÞ �

P ðexyjwÞ
P ðexyjwÞ : ð5Þ

Here, P ðexyÞ represents the prior probability that nodes x and

y are connected, and P ðexyÞ represents the prior probability

that nodes x and y are unconnected. P ðexyÞ and P ðexyÞ can be

calculated as:
P ðexyÞ ¼ M

MF ; ð6Þ

P ðexyÞ ¼ MF�M
MF ; ð7Þ

where MF ¼ 2jV jðjV j � 1Þ indicates the number of all possi-

ble edges in the signed network, and M ¼ jET j indicates the
number of existent edges in the network. P ðexyjwÞ denotes the
probability of interconnection between a pair of nodes that

form predictor Si with node w. It can be expressed as:

Fig. 8. The relationship between the number of edge-dependent motifs
corresponding to a predictor and the performance of the motif predictor.
(a)-(b) results of the predictors for positive edges; (c)-(d) results of the predic-
tors for negative edges.

Fig. 9. The schematic diagram of calculating the score of a predicted edge
(i.e., (x, y)) based on the naive Bayes model.

LIU et al.: LINK PREDICTION IN SIGNED SOCIAL NETWORKS: FROM STATUS THEORY TO MOTIF FAMILIES 1729

Authorized licensed use limited to: Dalian Nationalities University. Downloaded on September 03,2020 at 02:25:19 UTC from IEEE Xplore.  Restrictions apply. 



P ðexyjwÞ ¼
N~Siw

N~Siw
þN^Siw

; ð8Þ

where N~Siw
and N^Siw represent the number of intercon-

nected pairs of nodes and the number of pairs of nodes that are

not connected to each other in the neighborhood that predictor

Si with node w, respectively. Still taking predictor S1 as an

example to analyze the role of node w in the network, nodes a,
b, x and y in Fig. 9 can form this predictor with node w. Among

all node pairs composed of these nodes, ða; bÞ and ða; yÞ are
two unconnected edges, and ða; xÞ, ðb; xÞ, ðb; yÞ and ðx; yÞ are
four connected edges. Consequently, the values of N^Siw and

N~Siw
are 2 and 4, respectively. Therefore, it is possible to

obtain a probability that a pair of neighbors that form predictor

Si with nodew are not connected to each other:

P ðexyjwÞ ¼ 1� P ðexyjwÞ ¼
N^Siw

N~Siw
þN^Siw

: ð9Þ

Combining Equations (6)-(9), rxy can be simplified as:

rxy ¼ n�1
Y

w2Siðx;yÞ
n
N~Siw

þ 1

N^Siw þ 1
; ð10Þ

where n ¼ P ðexyÞ
P ðexyÞ ¼ MF�M

M . In order to prevent the expression

from being meaningless because the denominator is 0, the

numerator and denominator in the equation are added 1. At

this point, given a node w, its role function based on predictor

Si can be defined as:

RSiw ¼ N~Siw
þ 1

N^Siw þ 1
: ð11Þ

Thus, Equation (10) can be described as:

rxy ¼ n�1
Y

w2Siðx;yÞ
nRSiw: ð12Þ

Obviously, for a given network, n is a constant. Take the loga-

rithm of Equation (12):

r
0
xy ¼ logðn�1

Y
w2Siðx;yÞ

nRSiwÞ ¼
X

w2Siðx;yÞ
logðnRSiwÞ

¼
jSiðx; yÞjlogn|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

r1
þ

X
w2Siðx;yÞ

logRSiw

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
r2

: ð13Þ

IfRSiw
¼ 1 for each node, r

0
xy degenerates into the product of the

number of edge-dependent motifs introduced in Section III-D

and a constant, and the SLNB model is also degraded to

the edge-dependent-motif based link prediction algorithm.

There are two parts when calculating the scores of edges

by the SLNB model. The first part r1 can be measured by

the number of predictor Si composed of a predicted edge

and their common neighbors. The second part r2 focuses on
the contribution of different common neighbors to the

potential link, which is the sum of the role function of each

common neighbor. The node role function is of high compu-

tational complexity, so we explore the influence of the sec-

ond part on link prediction. If this part has little effect on

the prediction result, it is feasible to omit this part for link

prediction.

We test the performance of the predictors for positive and

negative edges based on r1 and r1 þ r2 respectively, and the

results of negative predictors are shown in Fig. 10. The differ-

ence between the results of using the entire SLNB model (i.e.,

r1 þ r2) and the results of the first part r1 is very small. In

these five directed signed empirical networks, our results sug-

gest that the role function has little effect on the performance

of link prediction. The same conclusion can be obtained when

using AUC and precision metrics to measure the predictive

performance. Therefore, it implies that the second part of the

naive Bayes model can be negligible for link prediction, and

the same conclusion can be obtained using the predictors for

positive edges.

IV. FROM SINGLE MOTIF TO MOTIF FAMILIES

A. Signed Local Naive Bayes Model of Two Motifs

Different motifs in the same network can aggregate around

hubs [33]. This phenomenon may lead to two situations. First,

for the dense region of edges, multiple motifs are widespread

on these edges. For example, a pair of nodes can form distinct

predictors with different nodes, such as nodes A and B in

Fig. 11 can form predictor S1 with node C1, and can also form

predictor S4 with node C2. In addition, for the sparse region of

edges, the number of any motif may be very few. It is difficult

to get a desired result by a single motif predictor, and a better

prediction result may be achieved by integrating the informa-

tion of two motifs. Therefore, we attempt to propose a SLNB

model consisting of two motifs for link prediction in this

section.

When we use predictors Si and Sj for link prediction, the

posterior probability that nodes x and y are connected to each

other or not can be calculated as:

Fig. 10. The performance comparison of link prediction using the predictors
for negative edges based on the entire SLNB model (i.e., r1 þ r2) and those
based on only part r1 of the model.
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P ðexyjðSiðx; yÞ; Sjðx; yÞÞÞ

¼ P ðexyÞ � P ððSiðx; yÞ; Sjðx; yÞÞjexyÞ
P ðSiðx; yÞ; Sjðx; yÞÞ

¼ P ðexyÞ � P ðSiðx; yÞjexyÞ � P ðSjðx; yÞjexyÞ
P ðSiðx; yÞ; Sjðx; yÞÞ ; ð14Þ

P ðexyjðSiðx; yÞ; Sjðx; yÞÞÞ

¼ P ðexyÞ � P ððSiðx; yÞ; Sjðx; yÞÞjexyÞ
P ðSiðx; yÞ; Sjðx; yÞÞ

¼ P ðexyÞ � P ðSiðx; yÞjexyÞ � P ðSjðx; yÞjexyÞ
P ðSiðx; yÞ; Sjðx; yÞÞ ; ð15Þ

where Siðx; yÞ and Sjðx; yÞ represent two sets of nodes that

form predictors Si and Sj with a pair of nodes ðx; yÞ respec-
tively. At this time, the score of this node pair can be calcu-

lated as:

rxy ¼ P ðexyjðSiðx; yÞ; Sjðx; yÞÞÞ
P ðexyjðSiðx; yÞ; Sjðx; yÞÞÞ

¼ P ðexyÞ
P ðexyÞ �

P ðSiðx; yÞjexyÞ
P ðSiðx; yÞjexyÞ �

P ðSjðx; yÞjexyÞ
P ðSjðx; yÞjexyÞ ;

ð16Þ

where
P ðSiðx;yÞjexyÞ
P ðSiðx;yÞjexyÞ can be calculated as:

P ðSiðx; yÞjexyÞ
P ðSiðx; yÞjexyÞ ¼

Y
w2Siðx;yÞ

P ðwjexyÞ
P ðwjexyÞ

¼
Y

w2Siðx;yÞ

P ðexyÞ
P ðexyÞ �

P ðexyjwÞ
P ðexyjwÞ : ð17Þ

Similarly,
P ðSjðx;yÞjexyÞ
P ðSjðx;yÞjexyÞ can be calculated as:

P ðSjðx; yÞjexyÞ
P ðSjðx; yÞjexyÞ ¼

Y
v2Sjðx;yÞ

P ðexyÞ
P ðexyÞ �

P ðexyjvÞ
P ðexyjvÞ : ð18Þ

Combining Equations (16)-(18), rxy can be simplified as:

rxy ¼
P ðexyÞ
P ðexyÞ �

Y
w2Siðx;yÞ

P ðexyÞ
P ðexyÞ �

P ðexyjwÞ
P ðexyjwÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
the influence of predictor Si

�
Y

v2Sjðx;yÞ

P ðexyÞ
P ðexyÞ �

P ðexyjvÞ
P ðexyjvÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
the influence of predictor Sj

: ð19Þ

According to the process of Equations (5)-(12), Equation (19)

can be simplified as:

rxy ¼ n�1
Y

w2Siðx;yÞ
nRSiw

Y
v2Sjðx;yÞ

nRSjv
: ð20Þ

Here, n ¼ P ðexyÞ
P ðexyÞ ¼ MF�M

M , which is introduced in Section III-E.

RSiw
¼ N~Siw

þ1

N^Siwþ1 is the role function of node w based on predic-

tor Si, and RSjv
¼ N~Sjv

þ1

N^Sjvþ1 is the role function of node v based

on predictor Sj. We use a logarithmic function on both sides of

Equation (20), it can be written as

r
0
xy ¼ ðjSiðx; yÞj þ jSjðx; yÞjÞlogn

þ

X
w2Siðx;yÞ

logRSiw

|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
the role function

of predictor Si

þ

X
v2Sjðx;yÞ

logRSjv

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
the role function

of predictor Sj

: ð21Þ

In Section III-E, we verified that it is feasible to predict links

using only the first part of the SLNB model. Therefore, when

performing link prediction based on two motifs, the score of

the pair of nodes can be expressed as:

r
0
xy ¼ ðjSiðx; yÞj þ jSjðx; yÞjÞlogn; ð22Þ

where logn is a constant in a real-life network.

In general, link prediction based on two motifs has better

performance than that based on only a single motif. But the

results based on two motifs are not always stable. Moreover,

there are about 120 combinations for 16 predictors, because

any two predictors can generate a combination, which is diffi-

cult to select the suitable predictors. Actually, it is difficult to

determine the relationship between any two predictors and

sometimes they are correlated. For example, there is a strong

correlation between predictors S1 and S2, while predictors S1

and S6 are irrelevant, as shown in Fig. 12. Therefore, a better

prediction result might be obtained when combining predictors

Fig. 11. Link prediction based on two kinds of motifs.

Fig. 12. The correlation detection between different predictors. (a) The
correlation result between predictors S1 and S2, and (b) the correlation result
between predictors S1 and S6.
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S1 and S6 for link prediction, while the performance may be not

significantly improved when combining S1 and S2.

B. Link Prediction by Motif Families

In addition to the unsupervised prediction method described

in the previous sections, we can also combinemultiple predictors

to perform link prediction through a machine-learning classifier.

We use two ways to construct motif families in our research

when using a machine learning classifier for prediction: one way

is to combine all the predictors for positive edges or all the

predictors for negative edges, and the other way is to combine

the predictors after feature selection. In this study, we use the

XGBoost Classifier as a machine learningmodel.

1) XGBoost Classifier: XGBoost (i.e., eXtreme Gradient

Boosting) is a gradient boosting machine implemented by C++.

Different from the traditional GBDT model which only uses the

first derivative information, XGBoost performs a second-order

Taylor expansion on the loss function, and adds a regular term

to the objective function to find the overall optimal solution,

which is used to weigh the complexity of the objective function

and the model, thus it can prevent overfitting [39]. In addition

to the theoretical differences with the GBDT model, XGBoost

also has the following advantages in terms of actual perfor-

mance: fast, scalable, less code-writing, and fault-tolerant.

2) Link Prediction by All Motifs: We combine all the pre-

dictors for positive edges and all the predictors for negative

edges to construct motif families, respectively. Treat the

scores of edges calculated by 16 predictors as 16-dimensional

features, and then use XGboost for link prediction. The predic-

tion results of the five large-scale signed networks based on all

the predictors for positive and negative edges are shown in

Tables I and II, respectively. In each column, the best result

and the result based on the motif family (all the motifs) are

highlighted in boldface. From these two tables, link prediction

using the motif family is more accurate than using a single

motif, and this conclusion can be drawn from all the five

experimental networks. The motif families not only consider

the motifs that satisfy status theory, but also utilize the motifs

that do not satisfy status theory, so they have the highest pre-

diction performance.

Then, we compare our proposed method (i.e., motif family)

with two state-of-the-art methods in signed networks:

FriendTNS [25], [40] and status theory [23], [24]. The results of

the predictors for positive edges in the Bitcoinalpha network are

shown in Fig. 13, as the size of the training set increases, the pre-

dictive performance of all methods is improved. Furthermore,

motif-based methods (i.e., motif family and status theory) can

obtain higher prediction results than FriendTNS, and the method

of motif family obtains the best predictive performance because

it considers more types of motifs (i.e., motifs that do not satisfy

status theory) than status theory. It can also be found that as the

size of the training set increases, the predictive performance of

status theory gradually approaches that of motif family, which

shows that our method has obvious superiority when the training

size is small, and the superiority decreases as the training size

increases. In order to demonstrate the performance of our pro-

posed method on all datasets, we compare it with the existing

algorithms in five real-world signed networks when the training

size is 0.6. The results are shown in Fig. 14, the method of motif

family has the best predictive performance in all the networks.

3) Motif Correlation Detection and Feature Selection: We

use the Pearson correlation coefficient to characterize the cor-

relation between two features, and calculate the Pearson corre-

lation matrix [35], [36] between all features by the scores of

TABLE I
THE RESULTS OF LINK PREDICTION BY COMBINING MULTIPLE POSITIVE

PREDICTORS. HERE P REPRESENTS THE RESULT OF PRECISION

TABLE II
THE RESULTS OF LINK PREDICTION BY COMBINING MULTIPLE NEGATIVE

PREDICTORS. HERE P REPRESENTS THE RESULT OF PRECISION.
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edges calculated by all the predictors for positive edges and all

the predictors for negative edges. The Pearson correlation

matrix of the predictors for positive and negative edges are

shown in Figs. 15 and 16 respectively. Both the predictors for

positive and negative edges can be divided into nine catego-

ries, and all predictors in each black box are of a class. For

example, four types of motifs (i.e., S1, S2, S3, S13) are formed

by two positive edges and the predicted edge, and there is a

strong correlation between any two of the four motifs. In fact,

these four motifs belong to the same type of features in link

prediction. Conversely, another four types of motifs (i.e., S4,

S5, S6, S14) which are formed by two negative edges and the

predicted edge are independent features, and the correlation

among them is very weak. Mining the correlation between the

motifs helps to understand the evolution mechanism of signed

networks [41], [42].

In order to reduce the computational complexity, we use four

methods for feature selection when using amotif family for link

prediction. These four feature selection methods are embedded

method [43], wrapper method [44], filter method [45] and the

SLNB model of two motifs in Section IV-A, respectively. As

shown in Fig. 13, the link prediction after feature selection by

the SLNBmodel of two motifs has the worst performance. This

is because when using this model for link prediction, the two

predictors are randomly selected. The link prediction results

after feature selection by the other three methods are very close

to that of using all the predictors. The results show that link pre-

diction based on a motif family after feature selection can

reduce the computational complexity while maintaining rela-

tively high performance.

V. CONCLUSION

In summary, we investigate a comprehensive motif-based

framework for link prediction in signed networks. In this study,

we proposed a novel link prediction algorithm based on the

Fig. 13. The comparison of our proposed method with the existing methods
in the Bitcoinalpha network.

Fig. 14. The comparison of our proposed method with the existing methods
in five real signed networks.

Fig. 15. The Pearson correlation matrix of 16 predictors for positive edges.

Fig. 16. The Pearson correlation matrix of 16 predictors for negative edges.
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number of edge-dependent motifs and explained it by a naive

Bayes model. Furthermore, we proposed a Signed Local Naive

Bayes (SLNB)model consisting of twomotifs, which has higher

prediction performance than the model based on only a single

motif. Finally, we combine all the 3-node motifs to form a motif

family, and use a machine learning classifier for link prediction.

One approach of link prediction based on the motif family is to

combine all the predictors for positive edges or all the predictors

for negative edges. Another way is to combine the motifs after

feature selection. The results show that link prediction by motif

families can improve the performance of link prediction. More-

over, link prediction after feature selection can reduce the

computational complexity on the premise of lower prediction

performance reduction.

Our research can not only improve the performance of

link prediction, but also be helpful to uncover the correla-

tion relationship between different motifs and the evolu-

tionary mechanism of signed networks. In future research,

we will expand our framework from link prediction to sign

and weight prediction in signed networks [26], [34], [46],

[47]. Recently, various graph neural network methods [48]–

[50] have been proposed to improve the performance of

link prediction. These methods mainly use network embed-

ding and deep graph neural networks to automatically learn

arbitrary motif features instead of using predefined motifs

in this study. Although it is not suitable to directly apply

these deep learning methods to signed networks, a promis-

ing direction is combining and comparing our proposed

methods with them in future.
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