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Epidemics are affected by the connectivity of nodes in networks in addition to the
cooperation of infection transmission. We investigate quantitatively the effects of node
connectivity on transmission dynamics by comparing epidemic diffusion in null models
with gradual connection strength. Results show that: (1) the inhomogeneity of network
connectivity accelerates the spreading of epidemics, this phenomenon is more significant
in the early stage of propagation; (2) the enhancement of connectivity of homogenous
nodes restrains epidemic spreading, and the spreading speed correlates negatively with
connection strength; (3) the spreading speed of epidemics does not change linearly with
the strength of rich-club property, which means that the connectivity among hub nodes
does not appreciably affect disease diffusion.
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1. Introduction

Epidemiology is a very hot topic as various pandemics have always haunted us
since time immemorial. In modern societies, epidemics are usually spread through
biological contact between individuals. By abstracting biological individuals into
nodes and reducing interactions between individuals to edges, disease transmission
can be studied based on network science.l:? The influence of contact structure of
networks on infection process is one of the research focuses. Barabési pointed out
that the most important factor that affects epidemics is network topology rather
than epidemiological parameters.!
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When analyzing network structure, we usually start from degree distribution,
which can serve as a basis for calculating most other topology features.? ¢ Differ-
ent degree distributions vary in their effects on the propagation of epidemics. In
comparison with homogeneous networks and small-world networks, scale-free (SF)
networks with power-law degree distribution are conducive to the spreading of epi-
demics, where epidemic threshold does not even exist.”

Degree distribution cannot describe uniquely networks, as other features of net-
works with the same degree distribution could be very different. To further de-
scribe the topology structure of networks, the high-level feature (i.e., degree corre-

.10-12

lations need to be considered. There are three main methods to describe degree

13 excess average degree' and as-

correlations: combined probability distribution,
sortativity coefficient.!® Combined probability distribution is complex, and excess
average degree is not good at comparing networks with different scales. Although
assortativity coefficient is coarser, it can quantitatively describe degree correlations.
In this study, we employ assortativity coefficient (Pearson correlation coefficient!) to
discuss the impact of degree correlations on epidemic spreading. If nodes with high
degree tend to connect to other nodes with high degree in a network, the network
is called assortative network, whose assortativity coefficient is positive. Otherwise,
this network is a disassortative network with negative assortativity coefficient.!> It
can be seen that the interconnection of homogenous nodes, whose degrees are on
the same scale, produces assortative networks and disassortative networks result
from the connection of heterogeneous nodes. Obviously, degree correlations mea-
sure the connectivity of nodes. Assortative mixing is beneficial to the spreading of
infection, and leads to a lower epidemic threshold. Conversely, disassortative corre-
lations restrain the diffusion of epidemics, and the higher threshold makes it easier
to immunize individuals.!6-19

Usually, there always exist a small number of nodes which have high degree in a
real-world network. The most basic measure of node importance is degree central-
ity,2Y namely, the higher degree of a node means the higher importance. In this way,
the nodes with high degree are important nodes. If these nodes tend to connect to
each other, they construct a rich club,2! which is a core sub-network of overall net-
work. Two nodes coming from the rich club can be regarded as homogenous nodes.
If two nodes belong to rich club and the reminder of network separately, they are
heterogeneous. If degree correlations measure the global connection between nodes
of networks, rich-club measures the local connection. Rich-club feature plays a lead-
ing role in network properties, such as network routing efficiency, redundancy and
robustness. The rich-club property contributes to the spreading of disease, and the
high rich-club property leads to a low epidemic threshold.?2-23

Although the effects of network connectivity on epidemic spreading have been
studied, how the change of connectivity strength affects the epidemic spreading
remains largely unexplored. In this paper, we focus on the quantitative effects
of network connectivity on epidemic spreading. There are two ways to study the
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influence of network topology on epidemic spreading. The first method is to con-
struct a network model, which stresses an aspect of network topology, and then
analyze the impact of this feature on other network properties and network phe-
nomena.®?42% The second is to use null models, which weaken some topology mea-
sure of empirical networks, and then examine the role of this feature.2627 In order
to make connectivity strength vary in a wide range, we employ null models whose
connectivity strength can be enhanced or diminished arbitrarily. It is well-known
that empirical networks always have inhomogeneous degree distribution. In order
to remain this nontrivial property, we introduce null models based on rewiring algo-
rithm, which can maintain the degree distribution sequence of networks. By chang-
ing rewiring times, null models with various connectivity strengths are obtained.
Then, the spreading speed of epidemics in these null models is counted. The influ-
ence of network connectivity on epidemic spreading is analyzed quantitatively by
comparing the spreading speed in these null models.

Susceptible-infected (ST) model is employed to simulate the epidemic spreading
process. Each individual in networks can only be in susceptible (S) state or infected
(I) state at any moment in time. A susceptible individual can be infected by its
infected neighbors with some probability.283C In real situations, the more infected
neighbors an individual has, the higher probability it is infected. Namely, the in-
fection of a susceptible individual results from the synergistic action of its infected
neighbors. Thus, we let the probability that a susceptible individual is infected
depends on the number of its infected neighbors.

Our results show that the power-law degree distribution of networks accelerates
the spreading of epidemics. Enhancing assortativity restrains the epidemic spread-
ing, and the speed changes linearly with assortativity coefficient. In this case, there
is a linear relationship between spreading speed and average shortest path length,
and spreading speed decreases linearly with increasing average shortest path length.
However, there is also no linear relationship between spreading speed and rich-club
strength, and the spreading speed does not change linearly with average shortest
path length in this case.

Our research framework, which is used to analyze quantitatively the influenc-
ing factors of epidemic spreading in empirical networks, proposes a new paradigm
of studying information diffusion. The results of this study lay a foundation for
such problems, namely, how to systematically comprehend the impact of network
topology on different dynamic processes. Moreover, these results have long-term
and short-term theoretical and practical value, as most contact networks involved
have a wide degree distribution.

2. Influence of Degree Distribution on Epidemic Spreading

The degree distribution, P(k), which denotes the probability that a randomly cho-
sen node have k adjacent nodes, provides a good basis for further study of network
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Fig. 1. (Color online) Log—log plot of degree distribution for various networks (dots) and corre-
sponding reference lines (full lines) which indicating the power-law distribution. (a) URV email
network. (b) California road network. (c) Human network. (d) EU email network.

characteristics. So, we first analyze the degree distribution of empirical networks,
including the email network of University at Rovira i Virgili (hereinafter referred
to as URV email network),3! California road network,?> BIOGRID human inter-
actome network (hereinafter referred to as Human network)3? and email network
of a large European research institution (hereinafter referred to as EU email net-
work).?* In Fig. 1, we plot the degree distribution of empirical networks. As shown
in Fig. 1, the degree distribution all follows a long-tail distribution. Namely, most
nodes have low degree, meanwhile a small number of nodes have high degree. The
degree distribution of these networks all follows the power-law distribution, which
signifies the SF-property.

In order to analyze the impact of SF degree distribution on epidemic spreading,
we introduce Ok null model based on rewiring algorithm. As shown in Fig. 2, the
link between two randomly chosen nodes is removed, and at the same time, two dis-
connected nodes which are randomly chosen are connected. Repeating this process

2050262-4



Quantitative effects of network connectivity
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Fig. 2. Rewiring process of a link for Ok null model. (a) In original state, nodes A and B are
connected. (b) A and B are disconnected, meanwhile two randomly chosen nodes C and D are
connected.

(a)o. 15/ ¢ URV email network (b)O 2 e California road network
L] ) L]
L]
e °* 0. 161
0. 10 e L)
° L]
o 0.12
) = .
a a
0. 051 ® . 0. 08 1 . R
o0
. .. 0.044 e
. . e .
0. 00+ e S e 0.001 . ..“'0o-ooo.-.coc-ooao--on.
0 5 10 15 20 25 6 1I0 2I0 3I0 4I0
k k
(C) ¢ Human network (d)o 087 e Eu email network
0. 161
..
¢ 0. 06 1 ..
0. 12 °
e o &
-
= ~0.041 o ° e
0. 081 ° = o %
A, . a. .
L]
L] ..
0. 041 . 0. 02+ . .
L] .. L]
L]
- . . ...'
0. 00 L o8 0.00- esomsssmsssmnest™
0 10 20 30 40 0 10 20 30 40 50 60 70
k k

Fig. 3. (Color online) Degree distribution of Ok null models corresponding to (a) URV email
network, (b) California road network, (c) Human network and (d) EU email network.

enough times results in Ok null model for an empirical network. It can be seen that
0k null model has the same numbers of nodes and links as original network, but
they have different degree sequences. Figure 3 indicates that the degree of Ok null
models corresponding to four empirical networks follows the normal distribution.
That is, the degree of most nodes is around the peak of degree distribution. This
demonstrates that 0k null model has stochastic characteristics.
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In the following, we analyze the influence of power-law degree distribution on
epidemic spreading by comparing propagation process in empirical networks and
corresponding Ok null models. The probability of a susceptible individual is in-
fected by one infected neighbor is denoted as «. In view of synergistic action of
infected neighbors, a susceptible individual is infected by its infected neighbors
with probability

1—(1—a)k®, (1)

where k(i) is the number of its infected neighbors. An infected individual becomes
susceptible with probability £. Here, infection rate « is fixed to 0.09, and one
individual is randomly selected as the source of infection at initial time. Without
lack of generality, we set 8 = 1, as it only affected the time scale of the infection
evolution.

In Fig. 4, we plot the evolution of fraction of infected individuals i(¢) in empir-
ical networks and corresponding Ok null models, respectively. It can be seen that
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Fig. 4. (Color online) Fraction of infected individuals i(t) as a function of spreading time ¢
for various networks (full lines) and corresponding Ok null models (dotted lines). (a) URV email
network. (b) California road network. (¢) Human network. (d) EU email network. Results are
averaged over 1000 runs.
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the time of all nodes infected in Ok null models is shorter than that in empirical
networks. The spreading in empirical networks is quicker than that in Ok null mod-
els in the initial transient process, and the situation is reversed in the later period.
At the early stage, once a node with high degree is infected, it will infect a large
number of infected nodes in empirical networks. This leads to the fast spreading of
disease. As time goes by, most nodes including ones with high degree are infected,
so infected nodes increase more slowly. On the other hand, the average feature of
0k null model makes spreading speed be almost uniform in the whole process.

3. Influence of Degree Correlations on Epidemic Spreading

In order to remain degree distribution sequence, we use rewiring method to build
null models with different assortativity strengths. As shown in Fig. 5(a), the degree
of nodes A and D is higher than that of nodes B and C in original state. After
removing edges (A, C) and (B, D), edges (A, D) and (B, C) are linked [Fig. 5(b)].
In this way, assortativity is enhanced. After repeating this process enough times,
we can get an assortative null model. The rewiring operation is aimed at chang-
ing the connection property of nodes. Different rewiring times lead to null models
with various assortativity strengths. In other words, this rewiring algorithm can
change the connection feature of original networks, and precisely adjust assortativ-
ity coefficient. Then, these null models can be used to inspect how the assortativity
of networks influences epidemic spreading. Here, the assortativity of networks is

quantified by Pearson correlation coefficient!®:

MY, siti — MY, (s, )]
r= ,
MUY 33 4 82) = [MUE, g (si10)]
where s;,t; are the degrees of nodes of the ith edge withi=1,..., M.

(2)

(a) (A) (B) (b) =—A) (B)

(9 Q) (9 ©)

Fig. 5. (Color online) Rewiring process of links for assortativity null model. (a) In original state,
nodes A and C are connected, and B and D are connected. A and D have higher degree than
B and C. (b) Edges (A, C) and (B, D) are removed. Then, A and D, B and C are connected,
respectively.

We set infection rate a = 0.09. Initially, one individual is randomly selected
as the source of infection. In Fig. 6, spreading speed v is plotted as a function
of rewiring times of edges (hereinafter referred to as RT), where v is denoted as
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Fig. 6. (Color online) Spread speed v as a function of rewiring times RT for (a) URV email

network, (b) California road network, (c) Human network and (d) EU email network. n is twice
the number of edges in each network. Inset: Pearson correlation coefficient r as a function of RT.
Results are averaged over 1000 runs.

the number of individuals which are infected in a unit time. Meanwhile, Pearson
correlation coefficient r is plotted as a function of RT in the insets of Fig. 6. We
can see that Pearson correlation coefficient r increases with rewiring times RT. This
means that the rewiring operation for enhancing assortativity of networks indeed
strengthens the connectivity of homogeneous nodes. At the same time, spreading
speed v and RT also show a similar relationship, that is, v decreases with RT.
This demonstrates that spreading speed of epidemics decreases with increasing
assortativity strength. In brief, the connectivity of nodes in networks and spreading
speed of epidemics are strongly correlated (i.e., network connectivity dominates the
spreading of infection).

For further study of this issue, we plot the average shortest path length L of
null models versus RT in Fig. 7. As shown in Fig. 7, L increases with RT, which is
opposite to the change in spreading speed v along with RT (see Fig. 6). Then we plot
v versus L in the insets of Fig. 7. The insets show that v and L are highly correlated,
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Fig. 7. (Color online) Average shortest path length L as a function of rewiring times RT for
(a) URV email network, (b) California road network, (¢) Human network and (d) EU email
network. n is twice the number of edges in each network. Inset: Spreading speed v as a function
of L. Results are averaged over 1000 runs.

and v decreases with L. This means that the enhancement of assortativity increases
the average shortest path length of networks, and therefore restrains the spreading
speed of epidemics.

4. Influence of Rich-Club on Epidemic Spreading

First, we introduce null models for rich-club property. In Fig. 8(a), nodes A and
B have larger degree, namely, they are “rich”, and nodes C and D have small
degree. There exists two edges (i.e., (A, C) and (B, D) in the initial state). In
order to enhance rich-club property, edges (A, C) and (B, D) are removed, and
then edges (A, B) and (C, D) are added [see Fig. 8(b)]. After repeating this process
enough times, a null model is obtained whose rich-club property is higher than
original network. Different repetition times lead to null models with different rich-
club strength. Comparing epidemic spreading in these null models, we can get the
impact of rich-club property on epidemics in detail.
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Fig. 8. (Color online) Rewiring process of links for rich-club null model. (a) In original state,
nodes A and B in rich-club are connected with C and D which are not ‘rich’, respectively.
(b) Edges (A, C) and (B, D) are removed. Then, A and B, C and D are connected.
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Fig. 9. (Color online) Spread speed v as a function of rewiring times RT for (a) URV email
network, (b) California road network, (¢) Human network and (d) EU email network. n is twice
the number of edges in each network. Results are averaged over 1000 runs.

Initially, one individual is randomly selected as I state, and others are S state.
« is set to 0.09. The spreading speed is plotted as a function of rewiring times of
edges RT in Fig. 9. As shown in Fig. 9, the spreading speed does not linearly change
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Fig. 10. (Color online) The shortest path length L as a function of rewiring times RT for

(a) URV email network, (b) California road network, (¢) Human network and (d) EU email
network. The rewiring operation is aimed at changing the rich-club. n is twice the number of
edges in each network. Inset: spreading speed v as a function of L. Results are averaged over 1000
runs.

with rewiring times. This indicates that the intensity of rich-club property does not
correlate strongly with the spreading speed.

In order to discuss the relationship between average shortest path length L
and spreading speed v, we plot L versus RT and v versus L in Fig. 10. As shown
in Fig. 10, although L changes with increasing RT, there is no linear relationship
between v and L. Combined with the above research, there is no absolute correlation
between average shortest path length and spreading speed.

5. Conclusions

In summary, the role of network connectivity in transmission dynamics has been
explored quantitatively. We introduced null models to measure the value of con-
nection feature, and then explore the impact of connectivity in epidemic spreading.
Null models resulting from varying rewiring times in empirical networks have dif-
ferent connection strength. By comparing epidemic spreading in these null models,
we have analyzed the quantitative influence of connectivity on the spreading. Our
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results show that inhomogeneous structure of networks accelerates the diffusion
of epidemics. The spreading speed and global matching coefficient are linearly re-
lated. The rewiring operation which enhances assortativity has a negative role in
epidemic spreading. However, the rich-club property shows a nonlinear relationship
with spreading speed of epidemics. This means that the change of global connec-
tivity between nodes directly impacts the spreading of epidemics, but the local
connectivity does not possess this influence. Further investigation shows that when
the global connectivity of networks is changed, there exists a linear relationship
between spreading speed and average shortest path length of networks, and the
speed increases with decreasing average shortest path length. However, there is
no such phenomenon in the case of changing local connectivity of networks. This
means that the average shortest path length of networks is not the major factor
influencing epidemic spread.
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